The coupled-mode theory is developed for description of the nonlinear wave dynamics in binary optical lattices. The obtained equations of motion accurately describe nonlinear wave dynamics close to the band edges and in the gap of the linear spectrum of the system. In order to demonstrate the power of the presented approach, bright gap solitary wave solutions of the nonlinear coupledmode equations are derived and examined both analytically and numerically. The presented results are relevant to nonlinear wave phenomena in coupled waveguide arrays, coupled nano-cavities in photonic crystals, metallo-dielectric systems, and the Bose-Einstein condensates in deep optical lattices.
Periodically modulated nanostructures may exhibit band gaps in their linear spectrum [1] . That gives rise to a number of unique optical properties of those artificial systems. A prominent example is the existence of so-called gap solitons [2] . Solitons are localized nonlinear wave packets that can propagate undistorted in dispersive media [3] . The gap solitons have carrier wave frequency in the stop gap where the propagation of linear modes is not allowed. A powerful framework for description of nonlinear wave phenomena in photonic band gap materials is proven to be offered by the coupled-mode approach [4] [5] [6] . Indeed, various types of solitary wave solutions of the nonlinear coupled-mode equations, including bright, dark, and anti-dark gap solitons were found recently [7] [8] [9] [10] .
Perhaps, coupled optical waveguide arrays represent the most convenient experimentally accessible systems for studies of linear and nonlinear wave dynamics [11] . That includes the realization of optical analogies of various quantum-mechanical phenomena [12] , as well as the demonstration of effects related to the discrete optical solitons [13] . A theoretical model that provides quantitative description of the waveguide arrays is the discrete nonlinear Schrödinger (DNLS) equation which, in the dimensionless form, can be written as follows [14] :
It is worth to mention here that DNLS equation is used for studies of coupled nano-cavities in photonic crystals [15] , metallo-dielectric systems [16] , and the BoseEinstein condensates in deep optical lattices [17] too. In the context of the waveguide arrays, in Eq. (1), z represents the propagation coordinate along the waveguides, ψ n is the eigenmode amplitude in the n-th waveguide, and C gives the coupling rate between adjacent sites. In what follows it is taken to be a positive constant. N is the effective nonlinear constant of the system. The n-dependent term ε n is caused by the different effective refractive index of the individual waveguides. Binary waveguide arrays consist of the sites with alternating effective refractive index. That is, ε n = ε a for sites with n = 0, ±1, · · · , and ε n = ε b for sites with n = ±2, · · · . Before proceeding further, it should be noted that only the variation in ε n is relevant for the wave dynamics. Indeed, by means of the gauge transformation ψ n → exp(iεz)ψ n , all ε n can be shifted by arbitraryε. The choiceε = (ε a + ε b )/2 leads to ε n = (−1) n ε with ε = (ε a − ε b )/2. Thus, without loss of generality, for the modulation term we write
where k 0 = π/2, and ε is assumed to be positive. This recovers the fact that, Eqs. (1) and (2) describe periodically modulated systems with the spatial period π/k 0 = 2.
To obtain the linear dispersion relation for the considered system let us write the linearized DNLS equation for the even-and odd-numbered sites separately
Then, inserting the following ansatz [18] :
with some constants Ψ e and Ψ o , it is straightforward to derive the linear dispersion relation
Thus, the linear spectrum of the system consists of two bands separated by a band gap which ranges from −ε to +ε. As expected, for ε = 0 Eq. (5) reduces to the dispersion relation of the uniform system ω = ±2C cos(k). In this expression the sign is related to the choice of the positive direction. In what follows we choose the minus sign whenever the modulation is neglected. Recently, a number of exciting wave phenomena associated with the peculiar dispersive properties of the binary DNLS equation were demonstrated in both linear [19] and nonlinear [20] [21] [22] [23] regimes. In the present article the coupled-mode theory is developed for description of the nonlinear wave dynamics in binary waveguide arrays.
If ε and N were zero, a solution of Eq. (1) would consist of the forward and backward propagating plane waves (6) with constant amplitudes f n and b n . Here, ω 0 is given by Eq. (5) at k = k 0 . Note that, since ε = 0 is assumed, ω 0 = 0. That is due to the particular choice of the gauge, and therefore, has no relevance to the system dynamics.
The coupled-mode approach is based on the observation that the periodic modulation given by Eq. (2) causes strong coupling between the forward and backward propagating waves [4] . Indeed, taking into account that k 0 = π/2 and using Eqs. (2) and (6) we can write
As a result, in the modulated systems, f n and b n become dependent on n.
Besides that, f n and b n vary due to the nonlinear effects. By inserting Eq. (6) in |ψ n | 2 ψ n , in the calculations appear so-called "non-phase-matched" terms involving exp(±i3k 0 n). In the optical context it is often argued that such effects are unimportant for the system dynamics [4] . However, since exp(±i3k 0 n) = exp(∓ik 0 n) holds in the present case, those terms must be retained along with the phase-matched ones [24] . Now, assuming that the wave envelope is slowly varying with respect to the lattice spacing, n can be treated as a continuous variable. That yields,
where f n (z) ≡ f (z, n) and b n (z) ≡ b(z, n). Finally, inserting Eq. (6) in Eq. (1) and collecting the terms with exp(+ik 0 n) and exp(−ik 0 n) respectively, it is straightforward to derive the following nonlinear coupledmode equations [24] :
where κ = ε/v g , Γ = N/v g , and v g ≡ 2C is the group velocity of waves with k = k 0 in the uniform system, i.e. for ε = 0. In order to estimate accuracy of the involved approximations let us insert
into the linearized Eq. (9). Here F and B are some constants. That results in the linear dispersion relation
By assuming k = k 0 + K in Eq. (5), it is easy to see that Eq. (11) accurately reproduces the system linear spectrum for |K| ≪ π/2. Moreover, as is noted above, in Eq. (9) the nonlinear response of the system is evaluated exactly. Therefore, Eq. (9) is a valid model for studies of nonlinear wave dynamics in the band gap and/or close to the band edges [4, 5] . In order to demonstrate the power of the presented approach, let us consider the gap soliton solutions. The nonlinear coupled-mode equations exhibit rich spectrum of various nonlinear excitations including bright, dark, and anti-dark gap solitary waves [7] [8] [9] [10] .
Here, as an example, we consider bright gap solitons. In particular, following Ref. [7] , it is straightforward to show that so-called "in-gap" traveling localized solutions of Eq. (9) read
where ζ = n − vz. Moreover, ∆ is a real constant defined as follows
and so, |v/v g | ≤ 1. It is clear that v parametrizes the soliton propagation velocity. The pulse amplitude reads
and ξ = 2κγ(ζ − ζ 0 ), where ζ 0 is an arbitrary constant. In Eq. (14) the choice of the sign must guarantee G(ζ) to be a real function. Furthermore,
is the Lorentz factor, and
Finally, the phases of the forward and backward propagating waves are given by It should be noted that the derived expressions represent a limiting case of more general two-parameter solitary wave solution [7] .
In addition, to demonstrate stability of the presented gap soliton solutions, we solve numerically the DNLS equation. In particular, the initial value problem for Eq. (1) is defined by Eqs. (6) and (12) at z = 0. The simulation results depicted in Figs. 1 and 2 show that the stationary as well as the mobile gap solitons are stable and propagate undistorted in the system.
The suggested couple-mode theory provides opportunity to establish close similarity between nonlinear wave phenomena in binary waveguide arrays and other photonic band gap materials such as, for example, fiber Bragg gratings. This fact offers a number of obvious advantages. First of all, the presented approach immediately shows that various types of solitary waves including bright, dark, and anti-dark gap solitons [7] [8] [9] [10] exist in binary waveguide arrays. On the other hand, the coupled waveguide arrays represent one of the most convenient systems to observe those nonlinear excitations which are difficult, or even impossible to study experimentally in another optical context [6] .
To conclude, in the present article the coupled-mode theory is developed and applied to describe nonlinear wave dynamics in binary waveguide arrays. It is shown that the suggested equations represent an accurate model for studies of nonlinear waves in the band gap and/or close to the band edges. As an example bright soliton solutions of the nonlinear coupled-mode equations are derived. The stability of the found solitary waves is studied numerically. In particular, the numerical simulations of the DNLS equation show that the gap solitons propagate undistorted over long distances. Finally, it should be stressed that the presented results are relevant to nonlinear wave phenomena in coupled nano-cavities in photonic crystals [15] , metallo-dielectric systems [16] , and the Bose-Einstein condensates in deep optical lattices [17] as well.
